POINTWISE WEIGHTED APPROXIMATION OF FUNCTIONS WITH 
ENDPOINT SINGULARITIES BY COMBINATIONS OF BERNSTEIN 

OPERATORS 

WEN-MING LU AND LIN ZHANG 

O. 

Abstract. We give direct and inverse theorems for the weighted approximation of functions 
(3JT)' with endpoint singularities by combinations of Bernstein operators. 

< 

(N 

1. Introduction 

The set of all continuous functions, defined on the interval /, is denoted by C(I). For any 
I^H ' / 6 C([0, 1]), the corresponding Bernstein operators are defined as follows: 



43 






O 

o 



y 



B n (f,x) := y)/(-)p n ,fe(a 

fc=0 



where 



Pn,kO«0 := (£)**(! " *)""*, fc = 0, 1, 2, . . . , n, x € [0, 1]. 

Approximation properties of Bernstein operators have been studied very well (see [2], [3], 
[5]-[8] , |12|-|14|. for example). In order to approximate the functions with singularities, Delia 
Vecchia et al. [3] and Yu-Zhao [12] introduced some kinds of modified Bernstein operators. 
Throughout the paper, C denotes a positive constant independent of n and x, which may be 
different in different cases. 
Let 



w (x) = x a (l - xf, a, /3 > 0, a + /3 > 0, < x < 1. 
and 

C w :={feC((0,l)): lim>/)(x) = lim >/)(*) = 0}. 

x >1 x- >U 

The norm in C w is defined by ||w/||c„ : = 11^/11 = SU P \( w f)( x )\- Define 

W r w>x := {f€C w : /fr- 1 ) G AC.((0,1)), ||^ A / (r) ll < oo}. 
For / E C w , define the weighted modulus of smoothness by 

UJ r x (f,t) w := sup {[|wAL,A/[|[l6/»a,l-16ha] + \\ wA hf\\[0,16h^ + \\w&hf\\[l-16hz,l]}, 
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where 



M 1 ) = ^ ( ~ 1)fc (l) /(x+( i " fc )M*)), 

^im = E(-i) fc (f) /(« + (r - *)/!), 

fc=0 ^ ' 

! — n V / 



and y(x) = \/x(l — x). Delia Vecchia ei a/, firstly introduced B*(f,x) and B n (f,x) in [3j, 
where the properties of 23* (/,x) and B n (f,x) are studied. Among others, they prove that 

IK/ - S*(/))|| < CwJC/.n" 1 / 2 ), / g C w , 

[Vn| 



(/-5 n (/))|K-^^A; 2 ^ (/ 1)*, /eC „ 



fe=l 



where w(x) = x a (l — xf, a, /3 ^ 0, a + /3 > 0, ^ x ^ 1. In [11], for any a, ft > 0, n ^ 
2r + a + ft, there hold 

||™B; r (/)KC||w/||, /€C W , 

§ (IKII + ||«,^/(ar)||),/ e wf 

2r 



w(^ r (/) /)IK| c'( W *-(/ l n- 1 / a ) tl , + n-»'||Wll),/eC ti; . 

IL..,„2r R*(2r)/-j?\|| ^ J C^ll^/H,/ e Cw> 

II W ^n,r UJII ** | cfli^n + ^^/(arJH),/ € W % . 



and for < 7 < 2r, 



h(i?; r (/) - /)|| = 0(n-^ 2 ) <=► «*(/,*)„ = 0(f )• 



Ditzian and Totik [5] extended this method of combinations and defined the following combi- 
nations of Bernstein operators: 

j— 1 
B n , r (f,x) :=Y,Ci(n)B n .(f,x). 

i=0 

with the conditions 

(a) n = tiq < n\ < ■ ■ ■ < n r _i ^ Cn, 

(b) EZo\Ci(n)\<C, 

(c) EZo^(n) = l, 

(d) EI=o Ci(n)nr k = 0, for k = 1, . . . , r - 1. 

2. The main results 
Now, we can define our new combinations of Bernstein operators as follows: 

r-l 

(2.1) B; hr (f,x) := B n ,.(F n ,x) = Y,Ci{n)B ni (F n ,x), 

i=0 

where Ci(n) satisfy the conditions (a)-(d). For the details, it can be referred to [11]. Our 
main results are the following: 
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Theorem 2.1. If a, j3 > 0, for any f G C w , we have 

(2-2) \\wB* n %(f)\\^Cn r \\wf\\. 

Theorem 2.2. For any a, (5 > 0, ^ A ^ 1, we have 
(2-3) 

\w(xW x (x)B*^ (f x)\ < i Cn^{max{n^-^,^-^(x)}}\\wf\\, f E C„, 

Theorem 2.3. For / E C^, a, /3 > 0, a G (0, r), < A < 1, we have 

(2.4) w(x)\f(x) - B^ r _ x U,x)\ = 0((n~^- x (x)5 n (x)D <=> co^(f,t) w = O(t ao ). 

3. Lemmas 

Lemma 3.1. ("[13j ) For any non-negative real u and v, we have 

n— l , , 

(3.1) V(-)-'"(l - -)- v Pn,k(x) < C7x-«(1 - s)-". 

^^ n n 

fc=i 

Lemma 3.2. f|3]; If j £ R, then 

n 

(3.2) ^ \k - nx\ 7 p n ,k(x) ^ Cni^(x). 

fc=0 

Lemma 3.3. For any f E W^ A , ^ A ^ 1 and a, /3 > 0, we have 

(3.3) ||^M r) KC|K rA / (r) ll- 

Proof. By symmetry, we only prove the above result when x E (0, 1/2], the others can be done 
similarly. Obviously, when x E (0, 1/n], by [5], we have 

r 

|LM(/,x)KC7|^/(0)| ^ Cn-i +1 t n ui\f^(u)\du 



r Jo 

^ C7n-§ +1 ||uv rA / (r) ll [" u^- 1 ^)^'^)^. 

So 

\w(x)<p rX (x)FW(x)\^C\\w<p rX fW\\. 

lix£ [S'n]' wehave 

Kx)</ a (x)fM(x)| ^ |w(a:)p rA (x)/M(aO| + |w(x)p rA (x)(/(x) -F n (x))W| 

For I2, we have 

f(x) - F n (x) = Mnx - 1) + l)(/(x) - L r (f,x)). 

r 

w(x)^ x (x)\(f(x)-F n (x))^\=w(x) V rX (x)Y,n l \(f(x)-L r (f,x)f-^\. 

By [5], then 

|(/(x) - L r (f,x)f-^\ {1 1} ^ C(n r - l \\f - L r \\n a, + n^U^U a] ), < j < r. 
Now, we estimate 
(3.4) /: =U ;(x)</ A (x)|/(x)-L r (x)|. 
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By Taylor expansion, we have 

r-l / i 



(3-5) /(i)=£k_Er/C«) (x)+ >_ r« { i_ s) r-l f (r) {s)dSj 

n ~ u\ (r-l)\J x n 

It follows from (|3.5p and the identity 

r 

Y j {-yi i {x) = Cx\ v = 0,l,---,r. 

1=1 

We have 

LrU, x) = J2 £ tkz*F f M {xMx) + ^L^ £ h{x) /"* (i _ 8 )r-i/W( 8)(fa 



r— 1 m r 



/(*) + c E f (u) (*x£ est-*)"-* £(-)W) 

14 = 1 f=0 2 = 1 

ri5I E««(x)j[ 5 (i-«) p - l / (r) wcfa, 



(r-l)!^ 
which implies that 

w(x) V rX (x)\f(x)-L r (f,x)\ = - } w(x)^ x (x)Y,h(x) h--s) r ~ 1 f^(s)ds, 

r - i=i 7 * n 

since |L(x) ^ C for x G [0,-1, i = 1, 2, • • • , r. It follows from — — t-t — < — — r^ — , s between 
~ and x, then 

V * 

< cv A (*)iitv A / (r,) ii E /" ( A - *rv rA oo^ 

Thus 

J<C||«y A / (r) ||- 
So, we get 

I 2 <C||uy- A / (r) ll- 
Above all, we have 

|^(x)^ A (x)FM(x)|^C||^ A /M||. 

Lemma 3.4. /// e W^ A , < A < 1 and a, (3 > 0, then 

(3.6) Mx)(f(x)-L r (f,x))\ [0th ^C( ^ ) )^w^f^\ 

(3.7) \ W (x)(f(x)-R r (f,x))\ [1 _ hl] < C( -^^y r||u>y rA / (r) l 



D 
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Proof. By Taylor expansion, we have 

(3.8) /(-) = E^r^/ (u) W + i ? f\--sy^f^{s)ds, 

n *—^ u\ r\ J x n 

It follows from (|3.8p and the identity 

r-l . 

Y,(-Tk{x) = Cx\ v = 0,l,...,r. 

i=l 

We have 

L Af, x) = E E ^r^/ w (*)^) + t^yv E w /" £ - «) r_1 / (r) ( s )^ 

r— 1 w r 

= /(*) + c7 e / (n) ^E c: (-*)"-* EO W) 

u=l v=0 i=l 

T _i_ 

which implies that 

i r /•- • 

1 '£■ '" ' 

j=l 
since |/j(x)| ^ C for x G [0, 2], i = 1,2, • • ■ , r. 



u;(x)|/(x) -L r (/,x)| = ? -w(x)J2k(x) / "(-r'/W^, 

( r - 1 ) ! f-f y* " 



It follows from -^ — ^ — ^ -& — ^ — , s between - and x, then 

w(s) ^ w(x) ' n 



W (x)|/(x)-L r (/,x)| ^C7 W (x)E /" C~ ~ sY- l \f^(s)\ds 

i=l ^ n 

^ /-y ( ^ r ( rE ) II rA-fMll V s /*"/•* \r-l -r/ \j 

<c ^)" * ; "§y. ( -" s) * (s) 

< c^ii^ a / w ii E /" c 1 - -rv-'w* 

(/ A (x) -^7^ n 

<C( ^f. j r ||w rA / (r) ll- 

y/n(p A (x) 
The proof of (|3,7p can be done similarly. □ 

Lemma 3.5. i^|llj ) For every a, /3 > 0, we have 
(3.9) lkS:,r-i(/)ll<C'|| W /||. 



Lemma 3.6. (\TE\) If <p(x) = y/x{l-x), < A ^ 1, ^ /3 < 1, tfjen 

h V X (x) h V X {x) r 

(3.10) / * ••• / * ip- r ^{x + Yu k )du 1 ---du r ^Ch r ip r ^- l3 \a 



2 2 k=l 
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4. Proof of Theorems 



4.1. Proof of Theorem 12.11 By symmetry, in what follows we will always assume that 
x € (0, |]. It is sufficient to prove the validity for B niJ .-i(F n , x) instead of B* r _ l (f,x). When 
x € (0, i), we have 

r— 2 | nj— r , 

w^;!i(/^)i < ^)EAyE iAiF n (-)| Pni _ r , fc (x) 

I /&j — III n,- /ij 

i=0 v ' fc=0 

r— 2 rii—r , 

^ Cw(x) YV V |^1F„(— )|p ni _ rjfc (x) 

j=0 fc=0 ' 

r— 2 rii—r r . 

i=o fc=o i=o * 

r— 2 r 

< C™(x)^<£^|F n ^)|p ni _ r , (x) 

i=0 j=o J 

r— 2 r 

+ gu'(x)^<^C^|F n ( — )|p w< - r ,n<-r(g) 

i=o j=o n * 

r— 2 nj— i — 1 r , 

+ Cw(x)J2nl E T,°r\ F n( J )\ Pni -rAx) 

i=0 fe=l j=0 * 

:= i^i + H% + H3. 



We have 



r-2 _ j 

#1 ^ Cw(x)||iu/|| y^n^ x ( — )p n r0 (a 

^ — « rj ■ 



i=0 
r-2 

<C||t«/||5>r(n < s) a (l-x) n <- r 

i=0 

<Cn r |k/||. 

When 1 ^ k ^ nj — r — 1, we have 1 ^ A; + 2r — j ^ nj — 1, and thus 

W ^nj-r> _ / »i -jg+ff/ fe \a/ nj — r — k p ^ ^, 

/fc+r-j\ m — r k + r—j m — r — k + j 

Thereof, by (|3.ip . we have 

r— 2 nj— r— 1 r _. 

i=0 fe=l j=0 W (~n~ ) 

r— 2 nj— i — 1 1 

^Cw(x)||w;F n ||^< ^2 k - p n ._ nfc (x) 

j=0 fc=l W vnj-r/ 

^Cn r |KF n || < Cn r ||u;/||. 

Similarly, we can get #2 ^ Cn r ||w/||. So 
(4.1) KxJB^C/.xJKCnHh/ll, £G(0,i). 
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When x € [-, 5], according to j5j, we have 



\w(x)B* r }; ) _ 1 (f,x)\ 
\w(x)B%l_ x (F n ,x)\ 



r—2 r n , , 



^ U ;(x)(^(x)r^^|Q J (x,n,)KX|( a; --yF n (-)K iifc (x). 



m m 

i=0 j=0 fc=o 



Then 

Qj(x,rii) = (riix(l — x))'~2~], and (ip 2 (x))~ r Qj(x,ni)n :, i ^ C(ni/(p 2 (x))^~ , we have 

l^)<^l(/^)l<^(^)EE(^) r * i El^-^.) ii? nF.)bn ilfe (x) 

i=0 jr=0 T V ' fc=0 

^» O ^» 77 ■ I K" I 1 

( 4 - 2 ) < C[|«,F n |Kx) EDi)^ E ^J^(z), 

where k* = 1 for fc = 0, fe* = n^ — 1 for k = m and k* = k for 1 < A; < m. Note that 



and 



^)^tfl^ < C(n t x) 2a (l - xr < C, 

V n.- ' 



K V(l_J_) l 2^ " 



By (|3.ip . we have 

(4-3) E -i7ifTP«i,*0*0 < c^ 2 (*)- 



H W \' 



Now, applying Cauchy's inequality, by (|3.2p and (|4.3p . we have 

F — ^T , , ,x~^ , K .n„- . ,,iln,r^ 1 



E ! -7^r p - fc(x) ^X> - ^i 2j ^^-)) 1/2 (E -^r^, fc (x)) ] 



^1/2 

_ ^ n „2rkl\ Fni ' kyujJ 

k=0 w ^Ui> fc=0 "' fc= 



Substituting this to ( |4.2|) . we have 

(4-4) K*)<2.i(/,*)l < Cn r \\wfl x e [±,±]. 

We get Theorem O by flUJ) and (|Q|1 . D 

4.2. Proof of Theorem 12.21 (1) When / G C w , we proceed it as follows: 

Case 1. If < p(x) < 4=, by ([22]), we have 

(4.5) M*)c/ A (*)<i(.f,:r)| < Cn' rX / 2 \w(x)B* n { ;l 1 (f,x)\ < Cn^ 1 "^) || w/ ||. 
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Case 2. If <p(x) > -^, we have 

\B* n %(M\ = \B^_ 1 (F n ,x)\ 



i=Q J= o fc=0 



r+j 



Qj(x,rii) = (mx(l - x)y 2 1, and {f 2 {x)) r Qj(x,n i )n :, i < C(rii/ip 2 (x)) 2 
So 

h(,)/ A (x)s;;i(/,x)i 

r ~ 2 - 5L fr fr 

(4.6) < Cn V^"" 1 ^). 



It follows from combining with (14. 5p and (I4.6J) that the first inequality is proved. 
(2) When /GW^ A ,we have 



r—2 rii—r 

t\ F n ( 

rii 



(4-7) <J-l(^,*) =E^W< E ^l^nC^K-r,*^). 



If < fe < rij — r, we have 



r 

(4.8) |a\ F n (- )l < Cnr^ /"' |F«(- +«)|d«, 

n i 7li Jo Tit 

If fe = 0, we have 

r 

(4.9) I a\ F n (0)| < C /"' u r - l \F^(u)\du, 

"i JO 



Similarly 



,-rh. „ ,n,- — r . '" ' 



(4.10) |AlF n (-i )|<Cn- r+1 / (l-«)5|FW(«)|du. 

»i Ji--n. 

By (I4T7D- (|4TT01) . we have 

\w{x)v rX {x)B<?_ x {f,x)\ 
r-1ni-r ,„, 

(4.11) ^ Cw{x) V r \x)\\wip rX F^\\ £ E^t^JPm-^W, 

i=0 fc=0 

where A;* = 1 for A; = 0, k* = m — r —1 for k = m — r and k* = k for 1 < k < ni — r. By (13. If) . 
we have 

(4.12) ^ (u ,^A ) -i ( _ Ki _ rfc(x) <; cCtu^)- 1 ^). 

fc=0 l 

which combining with (14.12p give 

HaO^ A (*)<r r -i(./>)l < c||^ rA / (r) ll-a 

So we get the second inequality of the Theorem | 
4.3. Proof of Theorem [273]. 
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4.3.1. The direct theorem. We know 

(4.13) F n (t) = F n (x) + F^t -x) + --- + ^-j j\t - u) r - x F£\u)du, 

(4.14) B n ,r-i((' - x)\ x) = 0, k = 1, 2, • • • , r - 1. 

According to the definition of W^ A , for any g G W^ A , we have -B* r _ 1 (g, x) = B n>r ^i(G n (g),x), 
and w(x)\G n (x) - B nir _i(G n , x)\ = w(x)\B n , r _ 1 (R r (G n ,t,x),x)\, thereof R r (G n ,t,x) = f x (t- 
u) r ~ 1 Gn (u)du. It follows from [ ~ u ) s — < [ ~, * — , u between t and x, we have 

' "• \ J w(u) ^ w(x) ' ' 

w(x)\G n (x) - B nr -x(G n ,x)\ < C\\w(p rX G^\\w(x)B nr ^ 1 ( / , du,x) 

< C\\w^G$\\w{x)(B n ^{ f \±^fl du,x))i- 

Jx <-P 2rX (u) 

(4.15) (B n ,r-i( ' 2 ' du,x))*. 

Jx W\U) 



also 



ti t-u\ r - 1 . „\t-x\ r f t \t-u\ r - 1 \t-x\ 



(416) J x <p^(u) dU ^ C <p^( x y J x w*{u) du ^ w 2 (ar) ' 

By d£2D, (jH5D and EI5) . we have 

W (x)|G n (x) - S nir _!(G n ,x)| < C\\w^ x GP\\ip- rX {x)B n ^ 1 {\t - x\ r ,x) 

</9 rA (x) 

< Cn ^^|) ll " vrt0 » )|1 

(4.i7) = c(-^riiw-G<r'ii. 

By (J33D, dMD, HMD and (|iT7|l . when s G W^ A , then 

^(»)b(») -■ B n,r-l(fl , > a; )l < ^(^IS^) -C„(5,x)| +u>(x)|G n (g,3;) — J B* ?r ._ 1 (^, a;)| 
< \w(x)(g(x) - L r (g,x))\, 2, + |t«(a;)(^(x) - iS^ar^L 2 n 

L ) n J L n ' J 

(«8) <C( _£M_ )wV '>|. 

For / G C w , we choose proper 5 G WJJJ A , by (j3.9|) and (|4.18p . then 

w(x)|/(x) - B^if, x)\ ^ w(x)\f(x) - g(x)\ + w{x)\Bl r _ x (f - g,x)\ 

+w(x)\g(x) -B^ r _ x {g,x)\ 

<o(ii«(/-,)i + (^j)'i-^Vii) 
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4.3.2. The inverse theorem. We define the weighted main-part modulus for D = R + by 

n r 

% x (i,f,t) w = n r ipX (f,t) w . 

where C > 2 1 / /3 (°)~ 1 , /3(0) > and h* is given by 

(j4r) l/l-/3(0) ^1/1-/3(0) ^ 0^/3(0)<l, 



- v \(C,f,t)w= SUp || tO A' xf\\[Ch*,oo], 
0<h^t * 



'"" ' 0, /3(0) > 1. 

The main-part i^T-functional is given by 

K r y\{f,t r ) w = sup inf{\\w(f - g)\\ [Ch , t0o] +f\\w(p rX g^\\ [Ch , :0o] , 

where g^^ G A.C.((C7i*,oo))}. By ([5J), we have 

(4.19) C- l ^ x (f,t) w ^^ x (f,t) w ^C J -^— dr, 

(4.20) C- l K r ^(f,f) w ^ fi^ (/,<)„ ^ CK r ^(f,f) w . 

Proof. Let 5 > 0, by (|4.20p . we choose proper g so that 

(4.2i) IK/-<?)II < co; A (/,^) ro , ||^ r V r) ll < cr r ^(/,^. 



then 



|«;(x)A^/(x)| ^ kCarJA^C/^) - B^^x))] + \w(x)A r h(pX Bl r _ x (f - g,x)\ 

+ Hx)A r hipX Bl r _ l (g,x)\ 



^ UA ^( x+ (L_ j)h(p X {x)) ) 



j=0 



h v X (x) 



+ / J w • • • / J w ^)<£i(/ " 9,x + ^ «fc)d«! • • • du r 

J 2 J 2 fc=l 

h v x {x) hv^M r 

+ / J w • • • / J (a) ^K^'-l (9, X + J2 Uk)dU! ■■■du r 
J 2 J 2 fc=l 

(4.22) := ,h + h + J 3 - 
Obviously 

(4.23) Ji ^ C(n-^- A (x)<5 n (x)) Q0 . 
By ([22D and (1PTL we have 



J 2 ^ CV|K/ - 5)11 / J • • • / J d«i • • ■ dn r 

^ 2 J 2 

^Cn r h r ip r \x)\\w(f-g)\\ 
(4.24) ^Cn r h r <p rX (xW vX (f,d) w . 
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By the first inequality of (|2.3p . we let A = 1, and (J3.10P as well as (|4,2ip . we have 

J 2 < Cni \\w{f - g)\\ I ■ ■ ■ I <P~ r (x + Y^ fc )d«i ■ ■ ■ du r 

J 2 — J a — fe=l 

<CnifcV (A ~ 1) (x)lk(/-^)|| 

(4.25) ^Cn^V(A-D (a . )n r A(/)(5)w 

By the second inequality of (|2.3p and (I4.2ip . we have 

••• / w~ (x + > Uk)ip~ r (x+y Uk)du\---du r 

2 ^ 2 fc=l fc=l 

<afc r ||w^ p V r) ll 

(4.26) ^Ch r S' r n r 9X (f,5) w . 
Now, by (l4T22l) - (^26l) . we get 

When n ^ 2, we have 

n"2(5 n (x) < (n— l)~2 ( J n _ 1 (a;) ^ \/2n~2^ n (a;), 
Choosing proper x,n £ N, so that 

n~25 n (x) < 5 < (n - l)~2<5 n _i(a;), 
Therefore 

Kx)A^ A /(x)| < C{<T° + h r 5- r W x (f,6) w }. 
By Borens-Lorentz lemma in [5], we get 

(4.27) ^ A (/,t)^c* a °. 

So, by (|4371) . we get 

tn r x (f,r) w ft 



oj^(f,t) w ^C I -*— dr = C I T ao ~ 1 dT = Ct ao . 

a 



<P "It I 

/o T Jo 
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